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ON THE CONVERGENCE AND DIFFERENTIATION OF 
TRIGONOMETRIC SERIES 

By W. C. Bbenke 

In this paper are given extensions of two theorems, one due to 
Schlomilch,* relating to the convergence, the other due to Lerch,t relating to 
the differentiation of trigonometric series, the mode of proof being adapted 
to the case in hand from an article on "Fourier's Series" by Professor Bdcher. J 
Some examples are appended. 

1. Consider the trigonometric series 

00 

(1) ^2 (a„cosna; + b„aianx). 

1 

A sufficient condition for the convergence of series (1) is the absolute conver- 
gence of the series of its coefficients. A more general sufficient condition is 
given by the following theorem : 

The series (1) converges uniformly in any interval which does not include 
or reach up to a root of the equation 

h 
cos ^ (x — <) = 0, 

where h is a fixed integer and t any real constant, provided that 
(a) lim a„ = 0, lim 6„ = 

and the series 

(^) 2(|A| + |^„|) 

converges, where 

A = (««-» - ««) sin ^ht-k- (6„_ft + 6„)co8 ^ht, 
Sn = (a„-ft + ««) cos ^ht- (6„_ft - 6„)8in J ht. 

* Compendium der hoheren Analysis, vol. 1, §40. 

t Annates de I'Ecole normale supirieure, ser. 3, vol. 12 (1896), p. 361. 

I Annals of Mathbuatics, vol. 7, nos. 2 and 8, 1906. 

(87) 
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Special cases of (^) , when t = ir/h and t = respectively, are the con- 
vergence of 

go 

(A) ^{\an-h-an\ + \K-A-K\) 

1 

or 

(/3») 2^ (|«„-ft + «„| + |ft„-A + 6„|). 

1 
As a particular case under (jS^) may be noted the condition 

This reduces to the theorem of Schlomilch when A = 1 . 

For the proof, let Si.{x) denote the first k terms of (1) and form the fol- 
lowing expression in which all a's and b's with negative or zero subscripts are 
to be put equal to zero : 

(2) 2coa^(x-t)S,ix) 

= y' 2a„cosna;cos „ (a; — t)+ 26„sinnxcos ^ (x — t) I 

= ^|«nfco8(n» + 2 x--^t) + cos{nx-^x + jt)\ 

+ b„^8m(nx+-^x-^t) + sm(na;--a5-|--0J [ 

= 2) [«n-ftCos(na; -^ a; -g + ^n-A sin {nx-^x-^ <) | 

x~^ r ^ ^ A .X 7 • A A , "I 

+ 2^1 anCos(na;-2a; + g + 6„sin(MX --x + ^t) 

= ^ I I («„_/, - «„)sin 2 < + (6„_,, + 6„)cos -^ < |sin(n - ^ )x 

+ 1 («n-A+ «n)cos2 < - (&„-A - i«)sin- t cos(n - -) a; 
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whero 



/ ^ . I • ^ .X / ^ X "1 

+ (a„_ft cos 2 < - o„-h sin ^ cos (w - - ) a; I 

By use of conditions (a), lim i?j:(a;) = uniformly, and by (/S), the last 1 
in (2 ) converges uniformly ; the same is true after dividing by 2 cos i h(x — f) ; 
hence lim Sii{x), or series (1), converges uniformly, in anj' interval which 
does not reach up to a root of the equation cos J h(x — t) = 0. 

2. Sufficient conditions for establishing the existence of the first deriva- 
tive of series (I) are obtained in the following theorem, which also pro- 
vides the means for writing this derivative. 

Take h any integer, t a. real constant, and let c^ and c^ be two points 
lyiny betvjeen two successive roots of the equation 

L 

cos 5(3; — t) = 0. 

^7) Suppose series (1) convergent at one point c, Ci ^ c S: c^. 

( 5) Assume the uniform convergence of 

2^ I L~ V ~ ^^^"-^ ■*" """) "^^^ 2 ' "^ C^'* ~ ^)K-h - nb„J sin ^ M sin (n -~)x 

+ ^(n-A)a„_A-nrt„jsin^ t + (^(n-A)6„_ft + w6„j cos ^ Moos (n- -^)x \ 

in the interval c-y ^ x ^ c^. 

(e) Lastly, let lim a„ = lim 6„ = 0. 

Then in this interval, series (1) converges uniformly, represents a contin- 
uous function f{x) , and has a first derivative f {x) givenby dividing series (8) 
by 2 cos ih(x — t). 

As before, all coefficients with negative or zero subscripts are to be put 
equal to zero. 
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In practice the following special forms, obtained from (S) when < = -■ 
and < = respectively, are more useful for calculating the derivative : 

+ f (w - A)6„_ft - n6„J sin (»i - g) a; | , 
+ 1 (n - A)6„_A + n6„j cos(n - g) « [ • 



To obtain this theorem, let Slc{x) denote the derivative of Sii(x), then 
h 



(4) 2coS:.{x-t)S'^{x) 



« ^P — 2na„ sin nx cos ^{x— t)+ 2nb„ cos ncc cos ^(x — t) 

= 2^<-na„lam(nx+^x — ^t) + sm(na; - ^a; + ^O 

1. r / * ^. / ^ '*..!) 

+ n6„l cos(ria: + -«--<) + cos (nx -^ 05 + ^ [ 

= ^l -(n- A)a„_Asin(rax-^-a;- 20+(»-*)*n-ftCos(na;--a; -gO J 

+ y^ - na„sin(nx -^x + ^ <) + w6„co8(wx — -x + ^^<) | 

= ^] -r(M-^)ffln-ft+"«njcos2<+f (n-A)6„_ft-M/>„jsin2< sin(n-^^^x 
+ ir (w - k)an_h-na,Aam^t + ^(n-A)6„_ft + n6„^cos2 < Jcos(n -^)x t 



+ iijc(.x), 
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where 



^k (a;) = V I [-(« - A)a»-A coa-t+ (n - h)b„_u am ^ t\am{n -^)x 

+ [(n-h)a„_usm^t+ (n - h)b„_kCoa^t\coa(n -^)x • 

Let (t^{x) denote the continuous function obtained by dividing each 
term of the last 2 in (4) by 2 cos ih(« - t) . Then from (4) , 

(5) S,ix) = 8,(0) + jy.ix)dx +jr%__|^ dx. 

We will now show that each of the three terms on the right of (5) ap- 
proaches a limit uniformly for all values of x &a k becomes infinite. This is 
true of the first term by (7) ; call this limit O. By (S) the second term ap- 



series 



preaches unifoimly / C (as) da;, if we denote by G{x) the value of the 

(5) divided by 2 cos J A(a; — <). In the third term, integrate by parts, first 
replacing 7^4(0;) by its value, and putting (n— h) A„_^ and (»— h) -B„_a in 
place of the expressions in the brackets. We obtain, 



Je 



M,{x) 



2 cos ik(^x — t) 



dx 



= y Tin-h) rA-.8in(n -ih)x + B„_,oosin - ih)x-i ^^ 
^Jo ^ ^l 2coamx-t) J 

_^ n-h f r - J[„-ftCos(n - ih)x + Bn-h 8i"(>» - if^)^ " 
~2^n-ih\\_ 2coaih(x-t) J^ 

Ar + l 

-^y^[A-.cos(n-^)x-^„_,sm(n-^)xJ ^^^^,^^^^_;^ dxj. 

Take k so large that " ~ . , < 2, and take ^so thatO < K^coa'^^ (x — t) ; 
n — 5 «■ * 

also note that | x — c | < 2 tt. Then 
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Then by (e), 

lira r^jM^ 



kssn 



/ o rrr^ — rr <^* = <^> uniformly. 



Having thus shown that the three terms on the right hand side of (5) 
approach limits uniformly, it follows that 8k{x) approaches a limit, which we 
will call f{x) , uniformly, and 



f(x) = C+rG{x)dx, 



hence, 

f'{x)=G(x). 

This is the desired derivative, and gives the equations (hi) and (Sg) for 
the values of t indicated above. 

The usual rule for differentiating the series ( 1 ) , requiring the uniform 
convergence of the derived series, is the special case A = 0. Lerch's theorem 
is contained in (8i), when h = 2. 

3. In conclusion, we consider two numerical examples. 

„ , , . sin 2x sin 3x 
Example 1 . sin a; + — 1 \- • ■ • • 

Conditions (a) and (ySg) are satisfied, for every value of A. The largest 
interval of convergence is given by the value A = 1, whence the series con- 
verges uniformly between the roots of sin ^a; = 0. 

The derivative is given by (Sj) where A = 1, and i8/'(x) = — i. Then 
the sum of the series is 

21c A- \ X 

f{x) = —^ TT _ -, 2k-,r<x< (2k + 2)7r, A; = 0, 1, 2, ... , 

the constant being obtained by putting x — (2k + l)7r in the given series. 

„ , „ . sin 2a; sirSa; sin 4a; 
Example 2. sin x + — -— — . — -|- . . . . 

2 6 4: 

When A = 2, (yS^) becomes 

- J)+G-i)+(B-3)+(i-l) + • • • < KF+-p+l^+i + • • •)• 

Hence the series converges uniformly between the roots of cos a; = 0. 
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By formula (8,), when A = 2, 






whence 



/(a:) = 2L* + \og\&n (^ j^-"^ - kir - log tan ^ ttJ 



in the intervals 



(2A;-l)J<a;<(2A;+l)|, A = 0, ± 1, ± 2, . • • . 
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